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We show that a quantum scar state, an atypical eigenstate breaking eigenstate thermalization
hypothesis embedded in a many-body energy spectrum, can be constructed in flat band systems.
The key idea of our construction is to make use of orthogonal compact localized states. We con-
cretely discuss our construction scheme, taking a saw-tooth flat lattice system as an example, and
numerically demonstrate the presence of a quantum scar state. Examples of higher-dimensional
systems are also addressed. Our construction method of quantum scar has broad applications to
various flat band systems.
Introduction.— Violation of eigenstate thermalization
hypothesis (ETH) [1–4] now attracts great interest, be-
ing called weak ETH [5, 6]. The violation leads to area-
law entanglement entropy (EE) for some specific eigen-
states, while almost all eigenstates exhibit thermalization
and volume-law EE. Recently, a Rydberg coldatom quan-
tum simulator heuristically accessed specific eigenstates
inducing the violation of the ETH through a quench dy-
namics [7]. A suitable nonentangled state (Charge den-
sity wave state) has not thermalized during a long-time
evolution and a recurrence occurs, indicating that the
initial information is not lost. Immediately, the theo-
retical model describing the Rydberg coldatom quantum
simulator, namely the PXP model, has been studied in
detail and the study clarified that the series of the non-
thermalized eigenstates with the are–law EE exists, but
the system is nonintegrable as a whole (there are no ex-
tensive numbers of the local conserved quantities) and
a quench dynamics exhibits a coherence, corresponding
to very–slow thermalization and linear (slow) growth of
EE [8–13]. Such specific eigenstates not possessing the
typical properties from the ETH are buried in most ther-
mal eigenstates [14]. They are now called quantum scars
(QSs), whose the single-particle counterpart has been re-
ported four decades ago [15].
QSs can appear not only for the PXP model but
also for broad condensed–matter models. In fact, exact
eigenstates with long-range orders away from the ground
states were known in the literature, such as an η-pairing
state in a Hubbard model [16, 17], and indeed revisited as
a candidate of QS [18]. Recently, a general construction
has been proposed [14] before the first Rydberg experi-
ment [7]. Since then, an increasing number of examples
have been reported, including the AKLT model [19, 20],
some S = 1 spin XY models [21, 22], topological models
[23, 24], frustrated spin systems [25], a quantum dimer
model [26], and disordered systems [27, 28].
In this Letter, we propose a simple general construction
of QS states in flat band systems, where the model has a
spatially compact localized state (CLS) [29–31] as eigen-
states on the flat band, which does not spatially overlap,
and thus are orthogonal with each other. This construc-
tion of the QS has a broad application to various flat
band systems. By making use of ortho-normalized CLSs,
we can construct a low entangled many–body state vio-
lating the ETH, which remains to be an exact eigenstate
even in the presence of conventional density-density in-
teraction; other states obey the ETH as the models them-
selves are generally nonintegrable. In the following, we
first present a generic argument mentioned above, and
then present a concrete example of the saw-tooth-lattice
model. We numerically demonstrate the realization of
the QS state by showing the level statistics and time-
evolution of the entanglement. In addition, some exam-
ples of a two-dimensional model are presented.
General construction.— We propose a general con-
struction for a unique QS. We start with considering the
following general flat band model with interactions for
spinless fermions [32]. Let us consider a lattice with Nt
sites composed of a periodic array of NL unit cells; there
are Nt/NL sublattices per unit cell. On this lattice, we
consider the Hamiltonian:
Htot = H0 +Hint, (1)
H0 =
∑
ij
f †i hijfj , Hint =
∑
|i−j|≤ℓ
Vijninj, (2)
Here, H0 stands for the single-particle Hamiltonian host-
ing a flat band with f
(†)
i being an annihilation (creation)
fermion operator in real space, and Hint is a two–body
finite-range interaction with the maximum range ℓ, Vij
is an interaction strength, and nj = f
†
j fj. It is to be
emphasized that no elaboration of Hint is needed to ob-
tain the QS state. Rather, the key feature to obtain the
FIG. 1: Schematic picture of saw-tooth lattice. The yellow
shade object is a CLS. The CLS has no spatially overlap each
other due to the presence of a finite µ. The minimum distance
between the neighboring CLS is dm = 2.
2QS state is encoded in H0, that is, we assume that the
flat band eigenstates are spanned by ortho-normalized lo-
calized states which have a compact support and do not
spatially overlap each other; such states are referred to
as the CLSs (see yellow shades in Fig. 1 as an example).
It is noteworthy that not all the flat band models satisfy
this assumption. In fact, in some models, such a set of
localized states either overlap each other or do not have
a compact support [33, 34].
Let Lj be an annihilation operator of the CLS at the
unit cell j ∈ [0, NL − 1], and dm be the minimum of the
distance between the sites involved in the supports of
neighboring Lj ’s, assumed to satisfy dm > 1. Then, for
the many-body system with particle number being fixed
to NL, we consider the following state:
|ΨL〉 =
NL−1∏
j=0
L†j|0〉. (3)
This state is created by occupying the entire eigenstates
on the flat band. Notably, for a finite-rangedHint, we can
keep the state |ΨL〉 an exact eigenstate due to the iso-
lation of the CLS state. Namely, if the interaction Hint
is a two–body interaction under the condition ℓ < dm,
the state |ΨL〉 is still eigenstate for the interacting sys-
tem, because Hint|ΨL〉 = 0, while Hint convert the to-
tal system into nonintegrable. In the literature, exact
many-body eigenstates with vanishing interaction energy
were considered in the context of flat band ferromag-
netism [35–37], and later in the Wigner crystal [38]. As
a result, |ΨL〉 is a unique QS, which originates from the
flat band nature, and we expects that |ΨL〉 satisfies area–
law scaling for the EE and is embedded in most thermal
eigenstates in a system with a translational invariance.
Further, the total system does not have extensive num-
bers of conserved quantities, so the total system is non-
integrable.
It should be noted that our construction has a relation
to the recent general construction method by Shiraishi
and Mori [14], but our construction can be regarded as a
slightly relaxed version; see Supplemental Material [39].
Example: Saw–tooth lattice.— By applying the above
general argument, we show a concrete construction of
the QS from CLSs, which is analytically very simple. We
start with the following model defined on the saw–tooth
lattice (Fig. 1), H0 =
∑L−1
j=0
[
t1f
†
j,Afj,C + t2f
†
j,Afj,B +
t2f
†
j,Bfj,C + t1f
†
j,Cfj+1,A + t2f
†
j,Cfj,D + t2f
†
j,Dfj+1,A +
h.c.
]
+
∑L−1
j=0 µf
†
j,Afj,A, andHint is a nearest-neighbor in-
teraction, given later (See Eq. (5)). Note that the finite
on-site potential, µ 6= 0, leads to the increase of the sub-
lattice degrees of freedom from two to four. Further,
for t2 =
√
2t1, one of the bands out of four becomes a
flat band; see Supplemental Material [39] for the single-
particle spectrum. The existence of the flat band can
be inferred from the molecular-orbital (MO) representa-
tion [39], which was developed to describe generic flat
band models in the prior works [40, 41]. We can also
straightforwardly find ortho-normalized CLSs as
L†j =
1
2
[√
2f †j,C − f †j,B − f †j,D
]
, {Lj, L†j′} = δjj′ , (4)
where Lj’s do not overlap each other, and satisfy
[L†j, H0] = −2t1L†j.
Having these CLSs at hand, we now construct a many–
body state, which turns into a QS when switching on in-
teractions. We consider 1/4 filling, then can construct
the many-body state that occupies the entire states of
the flat band, given in the form of Eq. (3). Clearly, this
state is an exact eigenstate since H0|ΨL〉 = −2t1L|ΨL〉
and Hint|ΨL〉 = 0. This fact is independent of the value
of µ and the profile of Vij (|i−j| = 1). Further, sinceHint
is nearest-neighbor interaction and dm for Lj ’s is equal
to two, |ΨL〉 is the eigenstate of Hint with zero eigen-
value, thus, |ΨL〉 remains as a many–body eigenstate of
Htot. The Wigner-solid-like particle distribution of |ΨL〉
indicates that the state exhibits area–law EE. This state
is out of friends because the other many–body eigenstate
are thermal delocalized, which are expected to obey the
ETH and exhibit volume-law EE. In the following, we
numerically demonstrate that |ΨL〉 is the QS embedded
in this model.
Numerical demonstration.— Let us numerically verify
that |ΨL〉 is the QS state [43]. For concreteness, we set
the profile of Hint as
Hint =
∑
j
V0
(
nAj n
B
j − nBj nCj + nCj nDj − nDj nAj+1
)
,(5)
where nαj = f
†
α,jfα,j (α =A, B, C, D). Hereafter we set
t1 = 1.
As a first step, we demonstrate the nonintegra-
bility from level spacing analysis. To be concrete,
we calculate the level spacing rs defined by rs =
[min(δ(s), δ(s+1))]/[max(δ(s), δ(s+1))] for all s, where
δ(s) = Es+1−Es and {Es} is the set of energy eigenvalue
(in ascending order) and calculate the mean level spac-
ing 〈r〉 which obtained by averaging over rs by employing
all energy eigenvalues with fixed momentum space. By
introducing a parameter α as µ = −2α and V0 = 3α,
we observe the change of the integrability. Figure 2(a)
is the numerical result. As increasing α, 〈r〉 shows
a clear crossover from integrable (〈r〉 ≃ 0.39, corre-
sponding to the Poisson distribution) to nonintegrable
(〈r〉 ≃ 0.53, corresponding to the Wigner-Dyson distri-
bution). Hence, the term Hint makes the system nonin-
tegrable. In what follows, we focus on the nonintegrable
parameter point α = 1.
To verify the presence of the QS state |ΨL〉, we next
calculate an overlap |〈Z4|Ψℓ〉|, where |Z4〉 =
∏
j=0 f
†
C,j|0〉
and |Ψℓ〉 is a many–body eigenstate forHtot. As a typical
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FIG. 2: Numerical results for the saw-tooth lattice model. (a)
Mean level spacing 〈r〉 averaged over all energy eigenvalues in
the momentum sector k = 0 (See [8, 45]). We set L = 5
with five particles and L = 6 with six particles. (b) Overlap
to |Z4〉 for all eigenstates. The red circle indicates |ΨL〉. (c)
Distribution of EE. The EE is normalized by the number of
sites in the subsystem. The red circle indicates |ΨL〉. The
EE for the red circle is very small because the only single
CLS is cut, the value is smin =
1
2L
(2 ln 2 − 3
4
ln 3) ≈ 0.05623.
For (b) and (c), we set µ = −2, V0 = 3, and L = 5 with
five particles. (d) Single-shot quench dynamics of EE: the
disorder is µA,j , µB,j ∈ [−w0, w0] with V0 = 3. We set L = 5
with five particles and two initial states, |ΨL〉 and |Z4〉.
character, we expect that |ΨL〉 has large overlap com-
pared to the other eigenstates. The result is shown in
Fig. 2(b). We find an atypical state with a large overlap,
which is nothing but |ΨL〉.
Next, we divide the system into two parts where both
parts include 2L lattice sites and calculate the EEs of all
eigenstates for the subsystem [44]. The result is shown in
Fig. 2(c). We find that the QS state |ΨL〉 embedded in
the energy excitation band exhibits very low-valued EE
while other eigenstates have large value of the EE and
show an arched distribution, which is typical a character
of thermalized states in various system [23, 24, 26]. Actu-
ally, the value of the EE for |ΨL〉 can be easily obtained
from cutting the single CLS. The simple calculation is
shown in the Supplemental Material [39]. The numerical
result of the EE for the QS agrees with the analytical
result.
Additionally, we investigate effects of quench disorders
for the system. Through observing EE in the quench dy-
namics of the system, we investigate: (I) How robust is
the QS for clean system |ΨL〉 to disorders? (II) Whether
or not does a weakly disordered system have a similar QS
state in the clean limit? In dynamics, we set two initial
states |ΨL〉 and |Z4〉 and calculate the unitary dynam-
ics by using exact diagonalization. Here we introduce a
random on-site potential, i.e., adding the following term:
Hrand =
∑
j,α µ
α
j n
α
j with µ
α
j ∈ [−w0, w0]. We fix µ = 0
and V0 = 3. In the presence of Hrand, |ΨL〉 is no longer
an exact eigenstate. The result is presented in Fig. 2(d),
where we see the EE of the initial |Z4〉 suddenly increases
and reaches a saturation value. On the other hand, the
growth of EE for the initial |ΨL〉 is very slow. This im-
plies that for the disordered system, there exists a QS
which is very close to |ΨL〉. We also investigate another
type of disorder that keeps |ΨL〉 an exact eigenstate; see
the Supplemental Material [39].
Extension to higher dimensions.— The construction
of the QS is applicable in higher dimensions. Here we
present three concrete examples in two dimensions.
The first example is the real hopping model on a
kagome lattice [Fig. 3(a)]. Here we set the nearest-
neighbor hopping t, being real, and the on-site poten-
tials are set as µ1 for red dots, µ2 for blue dots, µ3
for green dots, and 0 otherwise. Due to the modula-
tion of the on-site potential, the unit cell is enlarged
compared with the conventional kagome model, result-
ing in nine sublattice degrees of freedom. In this model,
the CLSs reside on hexagons denoted by yellow shades in
Fig. 3(a), whose wave function has a staggered sign struc-
ture [34, 46–48]. Clearly, dm is equal to two, and thus the
CLSs do not overlap each other. This is a sharp contrast
to the kagome model without on-site potentials, where
CLSs live on all the hexagons and thus they overlap each
other. The band structure is depicted in Fig. 3(b). We
see an isolated flat band at E = −2t. Thus, when in-
cluding the nearest-neighbor interaction and considering
the 1/9-filled system, we obtained the QS in the form of
Eq. (3).
The second example is the pure imaginary hopping
model on a kagome lattice [Fig. 3(c)]. The model with-
out the on-site potential is investigated in the context
of topological phase [49, 50]. In fact, the CLSs again
reside on the hexagons but the wave function has a uni-
form sign structure. Then, we again find a flat band,
as shown in Fig. 3(d). Moreover, the dispersive bands
possess finite Chern number, which may lead to addi-
tional intriguing physics due to topology. Due to the
CLSs, we can again construct the scar state at 1/9-filling.
Note that the flat band touches the dispersive band at
the Γ point, resulting in additional degeneracy for the
4(a)
(c)
(b)
(d)
- 2
0
2
4
E
n
e
rg
y
- 4
- 2
0
2
4
E
n
e
rg
y
Ch = 0
0
-1
-1
1
0
0
} 1
 K M  
 K M 
-2
0
2
4
E
n
e
rg
y
(0,0) (,0) (,) (0,0)
(e) (f)
FIG. 3: (a) Schematic figure of the kagome model with real
hoppings. The CLSs are located at the hexagons on which
the yellow shaded balls are placed. (b) The band structure
for (t, µ1, µ2, µ3) = (1, 0.5, 0.75,−0.8). The high-symmetry
points in the Brillouin zone are Γ = (0, 0), K=
(
2pi√
3a0
, 2pi
3a0
)
,
and M=
(
pi√
3a0
, pi
a0
)
, with a0 being the lattice constant.
The blue line represents the flat band. (c) Schematic fig-
ure of the kagome model with pure imaginary hoppings. The
CLSs are located at the hexagons on which the yellow shaded
balls are placed. (d) The band structure for (t, µ1, µ2, µ3) =
(1, 0.5, 0.75,−0.8). The blue line represents the flat band.
The Chern number is shown beside each band. (e) Schematic
figure of the square kagome model. The CLSs are located at
the square plaquettes on which the yellow shaded balls are
placed. (f) The band structure for (t1, t2) = (1, 1.2). The
blue line represents the flat band.
non-interacting case. Nevertheless, this additional de-
generacy will be lifted when introducing the interaction,
as the additional state is extended thus the many-body
states occupying this state cost interaction energy.
The third example is the square kagome model
[Fig. 3(e)]. The model has two hopping parameters, t1
and t2. Remarkably, in this model, the CLSs with dm = 2
appear without incorporating the on-site potential. To be
concrete, the CLSs are on the square plaquettes, and have
a staggered sign structure. The band structure is shown
in Fig. 3(f). We find a flat band corresponding to the
CLSs, indicating the existence of the QS at 1/6-filling.
Again, the flat band is degenerated with the dispersive
band but it does not affect the emergence of the QS. It
would also be interesting to remark that the QS is found
in the localized spin model on the square kagome lattice
as well [25].
Multiple QS.— Although we have discussed a unique
QS, one can also construct a multiple QSs by reducing
the number of the CLSs in Eq. (3). Also the saw-tooth
lattice and the kagome lattice without on-site potentials.
We further remark that our construction is extensible
to systems with multiple flat bands (i.e., with different
types of CLS), if we can fill CLSs spatially separated
from each other. In such a case, possible patterns of
filling CLSs become abundant, which results in multiple
QSs. Candidates for such systems include metal organic
frameworks (MOFs) [51–53] and covalent organic frame-
works (COFs) [54–56], where the tuning of electron filling
may be feasible by using gate tuning or chemical doping.
Conclusion.— We propose a general construction
scheme of flat band QSs, making use of the ortho-
normalized CLSs. As a simple example, we numeri-
cally demonstrate the presence of the unique QS for a
saw–tooth lattice model, which can be implemented in
coldatom optical lattice systems [57, 58]. We also present
some examples of higher dimensions, namely, kagome and
square kagome lattice systems. We expect that our con-
struction of the unique QS for non-overlapping CLSs has
very wide-range applications for a Wigner-crystal state
on a px−y-orbital honeycomb lattice system [38], and not
only for fermions but also for hard-core bosons, which is
related to the recent experiments on Rydberg atoms [59].
Further, as we have mentioned above, searching QSs in
chemical systems such as MOFs and COFs will be an-
other interesting direction. Thus, our work will open up
a new way for realizing QSs in broader class of systems.
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6Supplemental material
Comparison with Shiraishi-Mori construction
We show a relationship to a construction method for
the scar state by Shiraishi and Mori [14]. They consid-
ered a nonintegrable system (Eq. (2) in [14]):
HSM =
∑
j
PjhjPj +H
′.
Here, according to [14], Pj is arbitrary local projection
operators and a scar state |Ψs〉 can be introduced by
Pj |Ψs〉 = 0. Further, H ′ is a Hamiltonian which satisfies
[Pj , H
′] = 0. Actually, if we consider the Hamiltonian
H˜ = Htot − εL
∑
j L
†
jLj with εL being the flat band en-
ergy, we find a correspondence for our construction in a
flat–band system:
1− L†jLj ⇐⇒ Pj , (6)
H˜ ⇐⇒ H ′, (7)
−εLIˆj ⇐⇒ hj , (8)
|ΨL〉 ⇐⇒ |Ψs〉, (9)
Certainly, [1 − L†jLj]|ΨL〉 = 0, but our construction is
slightly relaxed in that the relation [Pj , H
′] = 0 is not
satisfied as an operator relation, that is, in our scar
state |ΨL〉 is not necessarily vanishing when operating
H˜ but it can be an eigenstate of H˜ with an arbitrary
eigenvalue. Accordingly, our scar construction for a flat
band system is a little different from the Shiraishi-Mori
construction in that the operator relation [Pj , H
′] = 0 is
not required, but the SQ is reqired to be an eigenstate
for H ′. Similar comparison has been discussed in some
topological models [23].
Single particle spectrum for saw–tooth lattice
We show the single particle spectrum for the saw-
tooth-lattice model. The non–interacting Hamiltonian
is
H0 =
L−1∑
j=0
[
t1f
†
j,Afj,C + t2f
†
j,Afj,B
+ t2f
†
j,Bfj,C + t1f
†
j,Cfj+1,A
+ t2f
†
j,Cfj,D + t2f
†
j,Dfj+1,A + h.c.
]
+
L−1∑
j=0
µf †j,Afj,A. (10)
We set t1 = 1,t2 =
√
2 and µ = −2. See Fig. 4, the spec-
trum from the bulk momentum representation exhibits
four bands where the second lowest band is flat and the
others are dispersive. Also by varying the sign and/or
value of the hopping and µ, one can control the position
of the flat band in the spectrum.
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FIG. 4: Single particle energy spectrum for the saw–tooth
lattice with an on-site potential µ = −2. Here, we set the
momentum kx ∈ [−pi, pi), where the lattice spacing is unity.
Molecular orbital picture for saw–tooth lattice
model
With the help of the molecular orbital(MO) picture,
we verify the existence of the single isolated flat band for
the saw-tooth-lattice model discussed in the main text.
Here, we introduce the following three MOs,
C†1,j = f
†
A,j +
√
2f †B,j + f
†
C,j , (11)
C†2,j = f
†
C,j +
√
2f †D,j + f
†
A,j+1, (12)
C†3,j = f
†
A,j. (13)
Note that C1,j , C2,j , and C3,j are linearly independent of
each other. We also note that all of these MOs anticom-
mute the CLS: {Cη,j , L†j′} = 0 with η = 1, 2, 3. Then, by
using these orbitals, the Hamiltonian of Eq. (10) can be
rewritten as
H0 =
L−1∑
j=0
[
t1C
†
1,Rj
C1,Rj + t1C
†
2,Rj
C2,Rj
+µC†3,RjC3,Rj
]
− 2t1
∑
j,α
nαj . (14)
Note that the last term of Eq. (14) gives an mere entire
shift of single-particle energy. According to Refs. [40, 41],
the number of the linearly-independent molecular orbital
states infers the number of zero energy mode in the flat
band system. Namely, since the number of atomic or-
bitals is 4L whereas that of the MOs is 3L, the re-
maining L degrees of freedom become zero modes of
H0 − 2t1
∑
j,α n
α
j , i.e., the flat band with energy −2t1
of H0. In fact, these remaining degrees of freedom are
described by the CLSs.
7FIG. 5: Molecular orbitals in saw-tooth lattice. The red and
blue triangular objects and the red dotted circle are C†
1,j , C
†
2,j
and C†
3,j .
Entanglement entropy for a single CLS in saw–tooth
lattice
We can calculate the EE for |ΨL〉. Here, we assume
L = odd case. To calculate the EE, we divide the system
into two halves as mentioned in the main text. At the
time of the division, only single CLS is cut. Only this
entanglement cut contributes to the EE of |ΨL〉. Accord-
ingly, we focus on calculating the EE of a single CLS on
three site labeled by 1,2,3 as shown in Fig. 6. Then, the
density matrix for the single CLS is given by
ρC = L
†
j=(L−1)/2|0〉〈0|Lj=(L−1)/2
=
1
2
|010〉〈010| −
√
2
4
|010〉〈100| −
√
2
4
|010〉〈001|
−
√
2
4
|100〉〈010| − 1
4
|100〉〈100| − 1
4
|100〉〈001|
−
√
2
4
|010〉〈001| − 1
4
|100〉〈001| − 1
4
|001〉〈001|,
(15)
where |abc〉 (a + b + c = 1) is a particle number state
for three site system, e.g., |010〉 means that the particle
resides at the site 2. Here, we set a subsystem including
only the site 1, and calculate the EE for the subsystem.
By taking the trace for the particle states for the sites 2
and 3, the reduced density matrix is
Tr(2,3)ρC =
3
4
|1〉1〈1|+ 1
4
|0〉1〈0|. (16)
Accordingly, the EE for this entanglement cut is given by
sCLS = 2 ln 2 − 34 ln 3, corresponding to the EE of |ΨL〉.
This value agrees with the numerical result in Fig. 2 (c)
in the main text.
1
2
3
FIG. 6: Schematic figure for the entanglement cut for a single
CLS. The blue dotted boxes represent subsystems.
Disorder effect to dynamics of entanglement entropy
in saw–tooth lattice
We show effects of quench disorders that keep |ΨL〉
an exact eigenstate. To be concrete, for the system of
Eq. (10) with the interaction of Eq. (5) in the main
text, we introduce a disorders in the following manner:
µ → µj , and V0 → Vj where µj , Vj ∈ [−λ0, λ0] (uniform
disorder). In dynamics, we set two initial states |ΨL〉 and
|Z4〉. Figure 7 is the dynamics of EE for the subsystem
defined in the main text. While the EE for the initial
|Z4〉 state increases during time evolution although the
large disorder suppresses the increase, the EE for the ini-
tial |ΨL〉 does not change at all. This indicates that |ΨL〉
is indeed still the QS even for the disordered system.
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FIG. 7: Single-shot dynamics of EE: The case of the quench
on-site disorder µj ∈ [−λ0, λ0] and interaction disorder V0 →
Vj ∈ [−λ0, λ0]. We set L = 5 with five particles. We set two
initial states, |ΨL〉 and |Z4〉. We set t1 = 1, µ = −2.
